3.3. PARTIAL DERIVATIVES OF FIRST ORDER

Letz =flx, y) be a funct;
x alone is allowed to yar it e &

to x, treating y as const

ftwo independent variab] dy. Ifyisk ¢ constant? |
ariablesx andy. Ify is kept ¢% i
gﬁé:hiesncz 1l;egomes'a func_tion of x only. The dgrivziilve oIPz, with resP"dé |
J e e) partial derivative of z w.r.t. x and is denoted by -
a2z ; ( f A

= OF & =5
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ATIAL DIFFERENTIATION
A

P/’r
Thus 2 g TE Y- [ )
Thus, 5 = ,,L....[,_MQ’

. 1 ) ] () '. '. ’ ' 1 ol [ . L/
Snnllm’]y, the derivative of z, with respect to y, treating x as constant, 18 called partial

289

fz w.r.t.y and is denoted by i}f’_ or ‘7/ or - f.
r)y ()y y
oz [, 9+ k)~
£ — = Lt = L Hidert - f(x’ y)
Thuqv ay = l e i

dcri\’ﬂtive 0

0z .

% fil —(7_)’ are called first order partial derivatives of z.

C J

(In general, if z i a function of two or more independent variables, then the partial
erivative of'z w.r.t. any one of the independent variables is the ordinary derivative of z
t. that variable, treating all other variables as constant.]

Geometrically. Let z = flz, y) be a function of two variables x and y. Then by Art. 3.1; it

represents a surface S. If y = k, a constant, then y = k represents a plane parallel to the

ZJC.p]ane.

w.I.

z =flx, y) and y = k represent a plane curve C which is the section of Sby y = k.

o
-—E represents the slope of tangent to C at (x, &, 2).

@2
Thus, Ew gives the slope of the tangent drawn to the curve of intersection of the surface
2= fl, ) and a plane parallel to zx-plane.

&t 0z .

Similarly, ;_z gives the slope of the tangent drawn to the curve of intersection of the
oy

surface z = flx, ¥) and a plane parallel to yz-plane.

3.4. PARTIAL DERIVATIVES OF HIGHER ORDER

. . PRI, .
Since the first order partial derivatives %z_ and -?)—‘;- are themselves functions of x and y,
-3 (

they can be further differentiated partially w.r.t. x as well as y. These are called second order
partial derivatives of z. The usual notations for these second order partial derivatives are :

_g_i)_z_—.(a_:z_z.orf‘i:(-)-i:'az—z'orf
o \ax) 9x? =1 gyldy) o® 7

a(x). P, ST,
ox\dy ) dxdy or fo; dy \ox) ayox o Iy

2’z d°
In general, 5;% = ayazx or f,= [y

Note 1. Ifz = flx), a function of single independent variable x, we get T

Ifz = flx, y), a function of two independent variables x and y, we get é and Y

Similarly, for a function of more than two independent variables x,, x,, ...... , x,, we get
;\2.0\2 0z
Oxy (')x.e TRTTTE 5 3;—-
B
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Note 2. (/) If z = u + v, where u = [lx, ¥), U = d(x, y) then z ig a function of x apgq y.
:35 L ou . f)U _f_')ﬁ - ,Q_’f -+ ﬁl_{ ‘
o ox o' dy Ay O |
' 0z n—:w(rzu) u-r?-u--ruf—)y-
(17) If 2 = uv, where u = flx, y), v = ¢(x, y) then ;’)—; T ix 0x x
, ; e
i)-{.. »-Q-(NU)&‘-‘HQH'! g
dy dy oy
y M _ o
(i) If z = — whcro u=fxy),v=0¢ y) then — 0z __r:)_(_z_t_) = X 5 Jx
” ox ox v
r')u i} A
Z _9.( ) Ty o
dy v?

dz _dz du dz _dz du
dx du ox'dy du dy

(tv) If z = flu), where u = ¢ (x, y) then
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Example 7. (a) If z(x + y) = x% + ¥°, show that (2‘3-9-2-) =4[1_ 9z _ ZJ 4

dx dy dx dy *
e ;
=7 : (Mysore,m
(B)Ifz = e**+ b flax — by) find b "ai +a-ai (P.T.U., May? |
/ ox ’ «ﬂ
x2 + y2
Sol. (a) 2= [z is symmetrical w.r.t. x anff
% X+y
(x +y)-9--(.ac2 +y2)— (x? +y2)-5)-(x+y)
% - Jx Jx
(x+y).22-(x+y%).1  x*+2xy—y°
- (x + y)° T (x+y)?
.y 0z y% 4+ 2xy—x?
Similarly, = e
d Jy (x+ _y)2
Now ( = ‘Q'Z']z [2-2y] sy’ -y - p?
dx dy (x + y)2 (x +y)4 T (2 + y)2
ox Oy (x + y)* (x + y)?

-4, ok
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Al l\iFFEHENTlATlON
ARTH “ = . - 2 sl
- { X 2.\‘_\' v - ~\“)' - 2_\-.\' + _\"! — y‘! - dxy t+ X }
) (x+ y)“‘
4(.\"‘\ -— 2.\:\' + ‘\’2\ _ “(.‘f___ .‘u)."‘
K (x4 y)° (x4 )
(3 _‘..] - 4 1_.‘}1_95]
lae & ax v
z = e Rgx - by)
k’\‘ // . L .
‘ >
- %‘ = ™+ 8 f(ax — by) @ + ae™ Y flax — by)
-
g2 e+ by £ ax + by '—by)
o e+ &Y £2(qx = by) (= b) + be™ * ™ flax
béi +a 92 _ gbes* b f '(ax — by) + abe®™ " by flax — by)
¥ _ ab e+ by fA(ax — by) + ab e fax = &Y)

= abe® * % [flax — by) + flax - by) - f'(ax = by) + flax — by)]
=ab e *  2flax - by)
= 2ab e*** b flax — by)

= 2ab. z. | 2
0%z P 3%z +Q_i ¢
Example 8. (@) If 2 =xflx+y) +y8 +y), show thatb—xj— axa.}’ ™
32z _ag 9_2_2_
(b)Ifz:f(x-i—ay)+¢(x-—ay), prove that 5;-2—— Wl
Sol. (a) z=xf(x +y)+yg(x+y)
X
_a.ziz-=_~cf”(x+y)+f'(x+y)+f’(x+y)+yg"(x+y)
ox

=xf"(x+y)+2f’(x+y)+yg"(x+y)

=X
- =

o f’(x+y)+yg'(x+y)+g(x+y)

@E_z_ =xf"(x+y)+yg”(x+y)+1g'(x+y)+g’(x+y)

v’

=xf"(x +y)+2g'(x +y)+yvg-lx +)
o’ _ 2L [xf +y)+yg & +y)+glx+y)
oxdy Ox e

pfren @) HYE N HE
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My
‘.\. . v"\“w‘.[lr
\‘Q

9%z Rz 0%z af 7 (x+y) of ' (x'+ ) +38" (x )

Now — .9 .2 22 o

ox* ovay  dy?

e

S ox [+ y) = o (X ) = 2yg” (x -
+xflx+y)+ 28" (x4 9), y[’,»(d”,‘I* ,
! x+y)30l

A2 % 2,
(b) z=f(x+ny)+d)(x—ay)
g::— =f’(x+ay)+¢'(x—ay)

2
g_% =f"(x+ay)+ 0" (x-ay)
x .

:a—i=af'(¥4ay)—a¢'(x—'a.y)

3%z
7 =02 f" (x + ay) +a® ¢” (x ~ ay)

ay2
Il \ 2 )
=a? [f” (x +ay) + ¢" (x — ay)) = a? E)_z_
i ax2
_(x-a) ;

Example 9. (a) P that i =L W
rove that if f(x, y) = 7y -e ythen f_ = Lo

¢

g 2
®)Ifv = "k “*t  brove that‘-a—v =a? a—;
_ ot - (Nagpur 199

.-a; -—--_._4.}'
-1 e
=y 2. ¢ 4y _[_2(x—a) _ 1 &3 _z-a?
dy T3Y 2x-a)e @
-)f 1 _3 (x<a)?
f=t=_1,3 3 -y e
rT 3y 2)’ .e y +y 2 o 4y i,:_(x__a)ZJ
(x - a)? ?)_y 4
=€ 4y _1 "‘:' = 2 ’
g? Pry 2 Ema?) s e
HT|T3v T B peyie-o
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-0y _(x—a) ) 1
_%|e-~—'4y a{—(x_a)Z].[—2+y"(x-a‘)zl*e iy .Zyl(x—a)r

3 Lol
- E 4y {_ 2(.'(? e a») [_ 94 y_l (x _ 0)2] " 23}_1 (x _ a)}

il
- — .e
—4y 4y
3 _(t-—n_!_ . L
_Llyz e .x—a{—§[—2+y‘l(x-a)2]+2}
4 y
. 5 _9;'0)2 2 )
_—1-)v—§(x—a)e d 3_(x—a) :
T 47 2y
2
5 (x—a)2 3 _ (I—'“, ( _ a)2
83 -2 Ty .3 P
f =%@{-)=——(x a) -5 2. ¢ Y +y ?.e 17
yx ’
5 (x-a)2 ) 2
1 =g (x-a)
c——(x-a)y 2.e ¥ {—3 2y
5 -_(::—u)2 ( )2
1 -3, _ v |3_ x-a
=Zy (x—a)e \: %y
fzy=f\'x x2
yo L
(b) i
x* __"3._ 2 1
w_ 1 e 4a’:(__f_5](_:2_)
x'z . 2
——l/—-e_m[_l'*"‘éx—a;] ..-(1)
_2t32 a
. 2
ov 1 ”x:z' - 2x 1 xe—zJ:’T“
—;=—t—e 4“’(4agt L
2 il
2y 1 4ot ('2")4, 40’ 1
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- e Tty
N

3
5

1 _;_)‘ti IFr
= a2 ot o 0y
2
I y 07V
Hence Tl =a* ;{;f
r')"u a u
xample 10, If u = 2%, show that —= o2y Dravat

4
Sol. u=x
Take logs of both sides
log u =y log L
Differentiate (1) partially w.r.t. y,

T, May 199s¥

Al

1 au 5515 9& =x"logx
u ()y _— dy
Differentiate (1) partially w.r.t. x,
l%:!_ . .a_u =x -Ji y -1
uodx x Tk X e
*u 9 (du 1 du x¥
Now _axayﬁ(ay) 32w log =u.J+log o x T e
o e .
=yx’~llogx + 2. ;—xy'l(ylogx+1)
Pu _d(du)_a |
%9y xl\axdy| o W O0logx+ 1) X
1A ""“ Y 4
9%u _9(ou _9 l 1 ou
ayax ay ay = u. +y?;;

1
= [ + y2 log x] = x¥-1 4 ya-1 log x = »*

E)au _i (-)2u 0 :
0xdyds x|\ ydx | ax *7 O logx + 1)) 0
From (2) and (3), 2% . 3%
x%y  xoyor '
Example 11, Find D, qifx=

“1(ylogx+1) 4

J— (
35 5 smu+cos v); y= \/_ (cosu—qm v),z= 1 +sin {lt—)‘i
where p, g means = %% respect; l -
ax’ dy tely. |
Sol. Given ‘
Y= Ja (cos u - gin )
€= 1+Sln(u,_v)

4y =als
n u+goszv 2
+2siny¢
= 0S8 U + cog2 in2p—-2¢C
_‘0[2+28m(u_v)] 0s* u + sin? v

=2a .2

22
08 1 sif 4
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1
- — 2 2
z= o (2% + y2)
i D, B
c')x 2a a
02 _2y y
LA dy 2a T a
,,2
Example 12. If 0 =t" ¢ R , find the value of n which will make ~1 J (rz aﬂ) 89
- Z or or ot
/ (P.T.U., May 2002 Callcut, 1994 : A.M.LE. 1990)
0'2
SO]- 9 = tn e—zt—
r? ,.2
'E-)E" g Tat ,(_z_r)__lrt"-l e-_ 4t
or 4) 2
20 1 2
2 YV _ _ 3 4n-1_" 4t
=-=rd.t
or 2 " )
] 2 2
9 00 - -=( 2 i 2
-a—r(r25‘-)=—%t"‘ {3r e 4 +rie 4 (—-:ﬁ-) __ltn—l rle 4 [3_]‘_}
2 2t
)'2

20 . [ G
= at Tat r n-1_" r-
— frag TN e [?}‘ ‘ 4'["t4t]
1 9 ( 200)_0d6 '
Since ;35;(" ‘a',j)— ot | [given]
_rir.2 .= 2
;t"”le 4t (%—5—3)=t" le 4t (,H—E]
2 2 3
r 3
L _Z=pn+— & In=
o 4 2 4t -
Example 13. If u = (I - 2xy + y2)-1/2, prove that WL O\,AP
. L % — +—a"{ . a_u} =0. (Hamirpur, 1995)
(@) .5;{(1 x)ax} ay,y ot
au ou P
—- us.
(b) X Y- ay :
Sol (a) =(1-2xy +y2)—1l2 = V—1/2, where V=1 - 2xy + y2
du __1y-an, v _ lv-alz (= 2y) = yV-32
ax 2 ax 2

Qi— =y.— (V'3’2) = (— %)V-s/z %—Z - ?2_ yv—-ﬁ/i (- 2y) = 3y2 V-5/2
ax ax o
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‘ ATHEM‘\TuQ 1;
9 J(1— 2y WL NC N B N\l
3 {““" ’5'{}‘(1 SFV mew |

= (1 -2« ) 3yzv_su. +yv-—3/£ (~ 2x) = yv ~3/2 [3‘}'V“ (.
0 1 oV 1 :
Also a;t -2-V"”2 T V)=V )

2
gy—;‘ =y 2 3 iy ety e
=V-32 (1) + (x _y)_ (_ ?_ V—Slz) D_V
2 oy

i 3 . ‘
=LV 3/2_5 (x—y)V 5’? (- 2% -gl-‘2y)=—V‘3’2+:3(x_3,)2vﬁs,2

_8_{28_11}_ 2 P du 3
) B A L S
_y2[__ V-32 4 3(x - y)2 V—5/2] + V—3/2 (x —y). 2}' 1
=y V¥ [y + 3y(x - )2 V1 + 2(x - y)]
=y V2 [3y (2 ~y)? V1 + (26 - 3y) é
Adding (1) and (2), we have . '"(2]?

i 2 d au - : oil
o {(1— x )E} + F { @} yV-32 [3yV-1(1 —x2) — 2x + 3y (x —¥2 V1420 g

=y V-92[3yV-1 (1 - 22 + x2 — 2xy 4 2) — 3yl
=yV-¥2[3yV-1(1 - 2xy + ¥?) — 3y]

=yV=% [3y - 3y) | V=1-2g4f
=0. |
(b) From (a) part du =y V-3/2
dx
' ou
and . (x —y) V=32
| L 9% du - I
‘ ga" y i (xy —xy +y2) V-¥2 = 52 (1 _ 94y, + 2322 323,
& ' pu’ o
H / — Ty EE \
ence, x5 % = y2u3,

2 Ple 14.If u = log (x3 + y® + 2% — 8xyz), show that | |
) . R % |
@) ( t—+—| u= B ' |
dy az) B ' 45

(x+y+z)2 99
P (Rewa, 1990 ; Delhi, 1997 ; Hal“"”’“r’1 2007’§
2 ‘T.U., Dec. 1998, 2000 - ; May 2003, Dec. 2004, Dec. 2005, May g
Y 7 62u aZu az
(ii) +~——+_‘+2_h+ au au -9

.2 2 : 2
Ox % 92 oz ozox Dny (x+y+2z)?°

)
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P —

Sol. (i) i =log (x + 53 + 23 _ 3xyz)

301

o Bx® — 3yz . _Du 3y2 —3z2x

a_x-_ 3 3 3 — =
Ty 427 —8xyz” Jy 1P +yd 42 - Bxyz

du = 32* - 3xy
0z x%+y%+2% _ 3uyz

Ju Jdu Jdu 3I(x2+ 2 422 gy
adding, 5ty ta g ST
X" +y° +2° - 3xyz xX+y+z

[ %3+ 9+ 28— Bxyz = (x +y + 2)(x® + y2 + 22 —xy — y2 —22)]

2 3 oY 9 9 3
Now —(—+—+— = i, s __(_ l _a__ _a_
(ax B Bz) * [aﬁaf&){aﬂaf& ¢

_(—a—-{-i.{.i .qy_+.a_l.l'_+% - .i+_;)_+_a_ (__._3_.__
“\ox 9y %) \x ay dz) \ox dy dz)lx+y+z

3 3 : 3 9,

B (x+y‘+'z)2 —(x+y+z)2 —(x+y+z)2 _—(x+y+z)2
! ...(1)

2 ' <
(o 9 0 d d 9 i D D (8 0 a}(?)u ou E)ul
o (ax ('}y+ az) ¢ (ax i dy * az)(ax ¥ dy * az] “=\ox ady odz)lox dy dz )

_ 9 0w ) 9(u u u) 30w du Ou

T x\dx ay o0z) oy\ox dy oz dz\dx dy 2

_02u+32u ;.a2u+azu +-32u ;.32u+82u+32u+a2u

= 5%  oxdy oxdz Odydx dJy’ dydz dzdx dzdy dz*
2 2 2 2 2 2
=a_z_z_+g_u_ J°u au+2au+2au
dzox  oxdy

LB
x? W T g dydz
. o%u 3 %u d%u 3 2%y u _ 0%u
Jyox oxdy 0zdy Jydz’ dxdz 0zdx

_ L g
Pu + 2u +‘82u TZ—(&L—+2P—29—'+2 o*u = (-9-+—a—+—a—) u=-—-——————_9 -
ax? P a2t dydz | o0zox  Oxdy dx dy 0z (x+7y+2)
: (from (1)]
9%z r
Example 15. If x*y'2* = ¢, show thatatx =Yy =2, oy = « (x log ex)™1.
= — (P.T.U. 1999 ; AM.LE., 1996 W)
Sol. x*y¥z? = ¢ defines z as a function of x and y.
Takidg logs of both sides xlogx +Y logy +zlogz = log ¢
Differentiating partially w.r.t.y, we have
1 1 z s _r?_z__+1 logza—z=
y.—x-’+1.ogy.+ ey : . ¢
“ 0z
o - 1 +logy+(1+logz) ;= =0 e
Qo v ke BV
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302 Helngy,.

0z __1+logy

—

or 3y l+logz
o dz __1l+logx
Similarly, % 1+logz ~{Y
Differentiating (1) partially w.r.t. x, we have ?
13z 2z %z Pz __ L %% ‘-
[;g)g-r(lﬂog D3 =0 O Gy al+log2) o dy )

Whenx=y=2

1 1
zloge+logx)  x(logex)  ~ *logest
o’u 9% 1
Example 16. If u = f{r), where r? = 22 + y2, prove that pwel + 37 = )+ =
. r '
(Andhra, 1990 ; Rewa, 1990 ; Mysore, 1994 ; Mangalore, 1997)

0z oz
From (2), = =-1,% -
rom (2), e 1’8x 1
1

9%z _
oxdy  x(1+logx)

(-1(-1)=-

From (3),

Sol. ri=aey? ()
Differentiating partially w.r.t. x, we get 2r g—; =2x or % =X
r
Similarly, gy’— = %
Now u = fr)
du p)
Diﬁ'erentiafcing again w.r.t. x, we get
du 1 : : 1 or :
ax2 —;f (r)+x.(-r_2_a;)f‘(r)f|"::‘f”(r).%§
[ 3 )
¢ = (uvw) = py 9 a 2w
L O ™ () + uw o (v) +uv %

=.1 ’ X x
,-f(’)‘—f-;f (r)+§.f”(r)_£

_1 x* )
r “;f(l')—‘;},‘ f(r)+r2

r2__x2 9 {
= —_ x ” 2 2
3 f(r)'*";ff (ﬂ:%f'(,.)_l,x__ ” usiﬂg(l)
o%u 2 r r? f r) I
Similarly, =X . 5
1larly, H2 3 f(r)+r7f"(r) e
Pw % x?4 2 |
$f+37= 3y'f'(r)+x +y? . 2 o
i P T T =Sy T gy o+
Tomple 17 (a)va"f(r)a"d"?=x2+y2+z Prove th, r ()+gf’(’)'
e ¢ —f"(r
BVIfV = (22 +y2 + 22)-1/2 o g+ V== r
i > DProuve that v V + a?V a?V
YT T
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V=" < where r° =x° +y° + 27, show that V_+V + V.= m(m + 1)

V ' - = (p.T.U. Dec. 2006
/ o : . . :___,_,,{-_

_,OL(C) V==frn,rr=x*+yt+2?
a_r_") E:.’l_ ’ QC :)_'. arsi
Qrar—‘.r = = Slmllarls,ay C.Dz =
aV ar —
¥ - — ’ Sl o ’ )
V., o f()'ax f
o (1), [0
Vo=x.- f(r)—+1f(r)(r2)ar+ -
X o x f’(r)
e 2o Ay
2 2
O +F0) [——i]
r? r
£2
::,—f”(r)+—(r2 —-23) f(r)
2 2 .2 |
Similarly, V, =2 )+ T2 )
2 2 2
sz=§2—f”(r)+r = )
 J T 22 _x2_y2_z2
adding, V_+V, +V, =2 ")+ xra-” Z_Fin)
r
2 2 2
=r—-f”(r)+3r 3r f(r)
—f”(r)+—f(r) %
T
(b) —(x2+y2+22) 2
L (x2+y +22)¥2 (2x) = —x (22 + y2 + 2232
ox T2
\'4 oV
Similarly, %}-——y(x'*’ +y2 + 22732 1 =—z (x2+y% + 2232
2 -3
%;\2{ =—x (—2—) (22 +y2 + 22752 (22) — (2% + y2 + 22)732
=322 (x2 +y2 + 2272 — (x2 4+ y2 + 22072
and a’v
o 37 =3y2(x2+y2+2) - (x2 +y2 + 22y %2
a2V 2 (42 2 2 27-3/2
—az—2=3z (22 +y2 +2272 (22 +y2 +2%)
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2)- -6/2 _ ,
, 4

P RAY 02V+a V 3(x2+y2+22)(x2+y2+z

3 (x2 + y2 +é2)-
+
Mx?  py?  02*

324yt 42ty V2=3 (2 +y+20 ¥ =0

03 A ALY
Hence )Y r?) +£é;"’ =0
@ V=, ALt b wialet il Wi _‘

(R

or 1 X ni=2
Mmel e g =1 = 2mr X
V,=mr e r

" ox

=m rn-2 4 m(m - 2) r-3, i

_ 2 or !
Vuam{ m=2 1+x.(m- z)rm ? } :

V, =m 2w mim = 2) r=4 22
Similarly, Vy am r'"‘2 +mim = 2) piv=4 52
V, =m 24 m (m = 2) rmd 2?2
Ve +V,, + V =3m "2 + m(m - 2) r™=4 (22 + y% + 22) f
=3m ™% + m(m - 2) rm-4 p2 |
=3mrm2+m(m-2)rm-2 -
=m (m + 1) =2
Hence V,+V_+V,=m(m+1)rm2,
Note. (b) purt can be deducod from (¢) part by putting m = -

1 and (e) part can be deduced s
(@) part by putting Ar) = 1, _ i
Example 18. Ifx = r cos 6, y = r sin 8, prove that '
I ox 1 2x_ 20 o 270 270
(i) == > (i) 38T, (iig) —= Y -5y— =0, |
5 .
’r 9*r or ] 2r i ') 2
(iv) = 5 = (v) —-7—+——-- £ f’i sore 144
dx? " Qy? ( dxdy dx? - y? o K ) | By
or or , . |
Sol. (¢) 5. means ( ax)y = the partial derivative of r w.r.t. x, treating y as constan

We express r in terms of x and y.

Squaring and adding the given relations, r2 = 42 .. y2

Differentiating partially w.r.t, X, we get 2r 2— = 2% or or x

%
== means (a' ] = the partia] denvatwe of x wrt, r treating © as constant.

We eXpress x in terms of r and g, ‘ (RM“)
Thus, ‘ . Xmrcos@ 7
ax

=cose=.. ( ¢l
ar r :
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pAR
i . ox or
(it) Expressing ¥ in tc;rms of r and 0, we have x = r cos 0
ad ‘ Clox
T =—-rginf=- 20x 2
ot LY y 2 r oo r
gxpressing 6 in terms of x and y, we have tan 6 = -‘;i or ©=tan! %
§9.=_1_,(_L)____ y -y Y
ox 1+_3.’; B 2%+ 9% r?(cos® 0+8in’0) r?
X
= ﬂ)-=--.y_ l .Eli—ré-e-
r r oo - ox
(iif) Expressing 0 in terms of x and y, we have tan 8 = = or 6 = tan™! =
e Y Y 2 4 421
o vz'( xz)ﬂ—x%y"-y(x ol
L4 5=
x
PR . . 2xy
0 o pxt 4yt 2x =
PR @ +y?)
®, 12 1, — = 2(x? + y%)7
dy ye ox x“+y
1+ =
X
0% 2 . 2\-2 2xy
—_—=—x(xt i) 2y ==
22 y @7+ 4703
2 2
'a—'g'+'§_g=0'
ox* oy ,
(iv) from (i) part r2 =22 4y . r=(?+y?)!

or _ 1. o  ovi2 X
—_—— +y2) % 2 = ,
ax Z(x y x2+y2
Jr 1 3 y
5y T3 @ e T
1
[2 2 1w o 2 .
x“+y°.1-x.
32 Y 2/x2 +y2 x2 +y2-x2 yz
= 2+y2

= (%2 +52)72 =(xa+yz):u2

ox? . ]
1

(2 4y%.1- 9

x“4y°.1-y. Y
Sy y 9 fxz +y? 23 493yl i 3
3? = x2 +y2 = (xP+y)¥? (x24+yHY
aQI' ""1 2 2_3’2 = _xy
e =y. 5 & +y4)5% . 2 (% +yD)o
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b ; z - y2 372 -’_(
Now 2__’:_ _‘2_'_:.._5—-—’]-—-‘,'-)-575' W (x 2+y)
.2 " A2 . 312 | ‘
dx*  ady (x“+Y '
52 2 P R x? -+ y?
!

Example 19. Ifx =€ 38 cos (r sin 9) andy =e,

S 1A .——;———-——‘—-"'-' 244/2
(v) And -——+L—-L=";”""'2')'577+( ‘+y2)3’2 (x% +y%)
x i

. ¥ 5 I
[a’) +(al]2=——'§f———+——l—-—- u"" 1

) Sl Aey ey
% 9% 1 1 (Dr) (ar) } j
—— = _1=— i )
ax? Ayt T dx oy

59 sin (r sin 0), prove thy

TR & ay ay 7 ax'. :
ar roear T
ax J 0%, IE)x_O

Hence deduce that At ——t— =0. i i
or’ '_rar ae : AL EA

~ Sol. L x= e' €38 cos (r sin 9) i
%{ —e" cos . cos ;9. cos (r sin 9) — ¢"*% gin (rsin v) . sin
- ar
P Lty lcos 0 cos (r sin 9) — sin'@ sin (r sin 0)]
S _=~|2’°°sH cos(9+rsm 0)
% = e_fme ( rsin 9) cos (r sin 6) — '°9“°’° sin (r sin 0) . r cos
==re’ cos' [;m 0 cos (r sin 6) + cos 6 sm \ (r sin 0)]
== re""“’ sm(O-a—rme)
Also y=e"**sin (rsin 0)
33’, " cos B | . . ’
=e . c0s 8. sin (r sin 6) + " %% ¢os (r sin 0) sin 6
= e"**" [sin 6 cos (r sin 8) + cos 6 sin (r sin 0)]
=_‘_ : cos b sm (e +r sm 9)
Q = plrcost ( . . . 0
20 =7 SI.6) sin (r sin 6) + ¢ ¢ cos (r sin 6) x T ¢05
r 0
=re’ ™" [cos 8 cos (r sin 6) - sin @ sin (r sin 6)]
= rercose cos (8 + r sip 0)
From (1) and (4), _f_ 1 oy
L T
“From (2)and @), % __ 1 &
g GOy T 38 .
From (5), . DA € A | dy 1 32
, MRS S S e sy
y LTt
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; RENTIATION a07.
. PART'AL pIFFE g iR :
. Dx . ay
rom (6 % o ;
02.\' -) y (‘)2,)} "y
U R ..(8)
207~ "a00r - a0 o
; . 2 : ;
ai’.;+l?+—%-—a~:— ..——.1_ f)-’i l :?zy __1 Jy '1', E) = 0. (Usmgﬁ 7 8)
a2 roar rc o 00° 00 E)rE)O r 89 r F)rF)B s ‘
.2 2 2
J vV o 2
] S e 3 =
E);}n]ple 20 If al+u bz - + Cz + 1) Pl‘oue thaf ) 0( \}J/ﬂ-/
/'/ ouY (ou 5 u : () /
// u Du - au au
A/ —| +|=—]| +|=]| =2|x gy .
/ ox ady 0z Bx By { oz )
' - ‘ (PTU Dec 2003 AMIE 1997)
2 2 - 2 ' ” ‘;,zax' 1,.',, -
% o TR, ,z. : “ iy, T “¥03% 7 (1)
b 5 G e G A ' T e
Sol. Given e +u  b%2+u o? +u'_' 1 ' J el
) xHa? +u)t +y2(b? £ u)t + 22(c? + u)’1 :
0 Dlﬁerentlatmg_f)?l—rft‘f‘;llyw r.t.x, we have BB LR v
Cou ou o O =
22(a + u)‘12~ 2(czn2‘+ u)” 2 éi y2(b2 + u) 2 B —22(02 + u} - s ;’/
3 ';; :21-: ‘.;2' \L ( 0;2 . 22 A ) .'.". '\/ L '.‘ 4
or a’+u =[(a2 +u)? b2 + u)2 (c ;,u)z 0T TR L L)
_2x _you L il Py ézz" 3) i
or Ziun | o where & 2huw)? (0 +w)? w N T S S
\___,.4/‘" ‘ > . .’_‘ ¥ "i“‘
Qf‘_=__22_’£_)_ TR y’(,;' '\.5.;'\‘ gl LT
or dx V(a® +u . N (AR :
u——ﬂL ot L
i Qﬁ_ 2y and a-”:-—-——iz———— o ’\'U\ ’
Similarly, dy - V(b2 +u) dz  V(c® +u) . \;/
) (ou)’  (du . 2 - B . ] g \// )
=] ¥l== +(—‘) = VE| @l +w)? BP+w? (@ Huw)? ] . g
ox dy 0z _ _ L i - 4 =
| ' B Gh  r s S M I
Y 4 e \'\' Vi (ﬁ)‘“"(‘ ;
e\ | JE b N (-l 2
C0x2 2y2 222 | I
Ju du du 2x Y [\ )
Now, 2( > —+y E)y F)z) [V(a +u) V(b2+u) V(c +u) |, - _,__‘.i \/
g, Ta® -*22 e ' N
4 X e ,+'. ol s 3
=—\7|:a2+_u"_b2 +'.'1""".214:'u c . R
LA g e T R T e (Uning QU
S \2 L ol
gﬁ ((u) TR SN - [Using (2)] .
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ove that (
Example 31, If 2% wau + by, y¥ =l = bv, pr Ox

Bol. As x8 m ail + U 4
prmansey )y v
xﬂ e ],!l - x* =y
Add and subtract, we got ¥ ™ "o, ' 2h

&) -2 E)
&) -

ax (2’5.] AL
from (1), 2 5;) " ou), 2
ay ! b ]
from (2), 2y 5";)“ m-b ('5';)“- % |
du (91) z 0 1 |
LHS. = ), ), q'2x 2

o8] B D)

noe (), (3,35, )

!
|
Example 22, If u = lx + my, v = mx - ly, show that i

ou (F)x) 4 1 (ual) (92) -lﬂ +m?

(3‘;)1’5;;0 Tamd )\ ), 7
| (Marathwada, 16
Bol. Given uwlx +my | ! |
Ummx ~ ly mw‘!

ol
(1) (-:5;) = The partial derivative of u w.r.t, x keeping y constant.
h

~  We need a relation expressing u as a function of x and ¥,

du
From (1), (-5;]’ wil

(‘a?) . = The partial derivative of x w.r.t. u keeping v ¢0

nstan!,
“  We need a relation expressin ‘

gx a8 a function of u and v l"'
Eliminating y betw ' the?”™
ucts, we have eep (1) and (2) b¥ multiplying (1) by I, (2) by m and adding """ =
I+ mu m (13 4 3y, or xwiitmu
. _ 5
du v ll + m’
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TIATION : _ 309
fIAL D _
(au) (_E_)i) o ' “ '
Hence ox )/, /), 1%+ m? Nk g a
' i LY

i (83 ) = the partial durivntivo ofy wr.t, v kodplng x constant,

i) | 3u

_ Weneeda relation expressing y as a function of v and x.

" L Rk . ;)y } 1

Als0 (%} = partial derivative of" v w.r.t. ykeeping'u conétnnt LN
u )
. Weneed a relatlon expressmg vasa functlon of y and U,
mu (12+m )’Y '
au _ B amd o
w), 1 A e

) i s

ay) v _(_.1) Pam?) Bam?
Hence (5; , oy " L ey o lz e
‘ A2

J°u
Example 28. If u = x% tan™" = y - y2 tan'l find the value of . FEw
' (A, MI E. 1990 Mysore 1997, Marathwada 1994)

Eliminating x between (1) nnd (2) we have V=

9'2“‘2"'—1_(1) y2-1 ("’%J-tan'li—.iay
0 22y
Y 14 L 1+—
% Yy
3 2 .
x xy
= + -2 tun'l—
=Tyt x4yt Y y
x(x +y) x
——5— -2y tan™! =
= x2+y y a p
Y.
= x — 2y tan y
2y 1 (1
S
0x ‘ 1+x
y it |
. ‘423’ y +x *2y \_.sz—,'y”-,,-
o - -
: y +x x +‘y XY+
Hence . 32u x "y '
r')xay x? +y°
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31 A TEXTBOOK OF ENGINEER)N

Exnmple 2&"7{‘:1 = flax® + Zhxy + by”) v =6 (ax’ + 2hxy +by?), prove thay

T ——

Tt 203)-203) L

MAT{Q

Sol. Lct ax? + Zhxy + by®
: u = flz), v = ¢(2)
a( o) 9 ‘av)
\YY \ — o =
e have to prove % ( E)x] ™ (“ %y /
e to o%v  ou au azv Qv  ou au v
%y 9% ax fi
o du _ﬂt_ du !
We have to'prove only 5~ ™ " ox oy
a .
from (2), a—u--f'( )— E);‘_'_'f'(Z)'%;_
d a" '() ijz—tb'()iz-”
an =¢(z oy 2. Ay
' ‘ 0z
from (1), = — = 2ax + 2hy
ox
az
=2hx + 2
= by
Ju ov
> o = f"(z) (2hx + 2by) ¢'(z) (2ax + 2hy)
=4 f'(z) ¢'(z) (hx + by) (ax + hy) |
u o ‘
And | a: % = (=) (2az + 2hy). ) (2hx + 2by)

=4 f'(z) ¢'(2) (hx + by) (ax + hy) v
Ju dv Ju '

Hence ————
‘ ' ()y x ax dy

r)( E)v)_a u_a_u : : ‘
B\ ax) x| oy |

TEST YOUR KNOWLEDGE

1. - Find the firat order partial derivatives of the following functions :
(i) u=y5: : (ii) u =log (x2 + y2)

(iif) u = x% sin - _ Giyars gan-i (l)
¥ x

2. [fu=x"+y"+2% prove thatzu, + yu + zu, = 2u.

i
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